I describe evidence that the (two-dimensional) integrable chiral Gross-Neveu model might remain integrable when coupled to gravity. These are notes based on a lecture given at the Cargese summer school 1995. The results were obtained in collaboration with Ian Kogan.
Introduction
These notes are based on results obtained in collaboration with Ian Kogan. They have already been briefly announced in our previous articles [1] . Here I will give some more details.
When a renormalisable quantum field theory is coupled to gravity three things may happen: the coupled system is more difficult or even non-renormalisable, it is simpler, or about the same.
The first option is of course the generic one in four dimensions. In two dimensions, things tend to be better. We know of examples where adding conformal matter and gravity leads to a topological field theory, i.e. a much simpler system. In two dimensions, there are also many exactly integrable models. What happens to them when they are coupled to two-dimensional gravity? To try to get an idea, Ian Kogan and I have investigated the case of the integrable chiral Gross-Neveu model. We did neither prove nor disprove integrability of this model when coupled to gravity, but we obtained some encouraging indications that integrability might indeed be preserved.
In these notes, after introducing the model, I will describe these indications: we checked, up to the second non-trivial order whether the two-particle S-matrix remains elastic in the presence of gravity. It turned out that this is the case.
The chiral Gross-Neveu model and the Bethe ansatz
The action of the chiral Gross-Neveu model is given by It is often convenient to rewrite the ψ self-couplings using two auxiliary scalar fields σ and π with unit propagator and coupling to the fermions as ∼ gσψ j ψ j and ∼ igπψ j γ 5 ψ j . Gross and Neveu [2] computed the effective potential for these scalar fields. To leading order in 1 N , the effective potential for σ (at π = 0 e.g.) is given by all fermion one-loop diagrams with an arbitrary number of σ's attached. Each individual diagram is IR divergent, but summing them up leads, after renormalisation, to V eff (σ) =
, where σ * is some fixed subtraction value. This effective potential has a non-trivial minimum at non-zero σ. Hence, σ develops a non-vanishing expectation value, < σ >= σ * e 1−π/N g 2 which in turn, through the σψψ-interaction, induces a mass M ∼ e −π/N g 2 for the fermions. Clearly, this dynamical mass generation is non-perturbative.
An alternative way to understand the mass generation is via the Bethe ansatz which, of course, also proves the integrability of the model [3] . Let me very briefly sketch the procedure.
One starts with the Hamiltonian that corresponds to the action (2.1). This Hamiltonian is then diagonalized in a n-particle Fock space. At this point there is no Dirac sea. The diagonalisation of the Hamiltonian provides the energy levels of the empty Dirac sea (cut off at some large negative energy since n is finite). The eigenstates are pseudoparticles and correspond to the fermions of (2.1) with zero mass. One has a many-body theory of massless pseudoparticles. Then one fills this (cut-off) Dirac sea with the pseudoparticles up to some Fermi level. The physical spectrum is given by particle-hole type excitations. Suppose one takes one of the pseudoparticles out of the filled sea. This creates a hole. But in addition, all other pseudoparticles in the sea are affected by this hole creation. One can show that all n 2 rightmoving pseudoparticles have their energy and momentum changed by ∆E = ∆k ∼ a n , while all left-moving ones suffer a change ∆E = −∆k ∼ b n for some constants a, b. Parametrizing the latter as a = Me θ and b = Me −θ the total change then is
This is precisely the dispersion relation for a massive excitation. ‡ Using the Bethe ansatz, it has been shown [3, 4] that the S-matrix for pseudoparticle scattering is factorisable and elastic. Factorisability means that any m → l scattering process can be described by products of 2 → 2 S-matrix elements. Elasticity means that in any such ‡ Of course, there is also the hole energy and momentum which still obey a massless dispersion relation and which decouple [4] .
scattering process only internal quantum numbers (e.g. colour) are exchanged between the particles while they keep their individual momenta and energies. Since physical excitations are made up from pseudoparticle configurations, it could also be shown [3] that the S-matrix for the scattering of the physical excitations, i.e. of the physical (massive) particles, also is elastic and factorisable, as a consequence of these same properties for the pseudoparticle S-matrix.
Coupling to gravity
To couple the Gross-Neveu model to two-dimensional gravity, we replace the action (2.1)
by its generally covariant form §
where e µ a is the inverse zweibein, ω cd µ the spin-connection and
It is well-known that for two-dimensional Majorana spinors the spin-connection drops out. Here however, the ψ j are Dirac spinors and we need to introduce the ω cd µ . We also add the gravity action
The latter is the well-known induced gravitational action as first derived by Polyakov [5] (see also section 2 of the second ref. 1). It can be interpreted as due to the metric dependence of the ghost and matter measures in the functional integral. The value of the prefactor γ will be given below.
In conformal gauge the gravitational action (3.2) reduces to the Liouville action. Here instead, we will work in chiral (or light-cone) gauge where the metric and zweibein take the § Our conventions are: 
We are free to make a convenient choice of the Lorentz phase such that e +− = −1. Then 
The contribution from the spin connection is of course just what one needs to be able to rewrite this action in the more symmetric form
The gravity action (3.2) in chiral gauge becomes
From these expressions one sees that the matter action splits into a h ++ -independent part that is exactly the same as in eq. (2.1) plus a term
− which provides an interaction between the right-moving fermions and the "graviton" (h ++ ). The left-moving fermions ψ j + do not interact with gravity. In the gravitational action the second term does not depend on h ++ and hence does not contribute to the dynamics. So we will drop it in the following. The first term, however, does depend on h ++ in a non-polynomial way. If we use 
from which one can read of the h ++ ("graviton")-propagator, as well as the various vertices involving an arbitrary number of "gravitons".
The graviton propagator is given by
with an appropriate iǫ-prescription to be discussed below, while the vertex e.g. between three gravitons of momenta p, q and k
From the matter action (3.5) one reads the fermion propagators 
The vanishing of the gravitational corrections to the S-matrix
Our goal now is to compute the two pseudoparticle S-matrix in the presence of gravity and show that it is still elastic. As explained above, the pseudoparticles are the massless fermions described by the action (3.5), while the physical particles are the massive fermions.
The pseudoparticles correspond to an empty Dirac sea. This means that one cannot create a pseudoparticle-antipseudoparticle pair. Accordingly, the pseudoparticle propagators i k± read from (3.5) do not have the standard Feynman iǫ-prescription which would be ik∓ k+k−+iǫ . Instead, we must only use the retarded propagator
An important consequence of the appearence of the retarded fermion propagators only, and of the structure of the four-fermion vertex, is that the diagrams of Fig. 1 
The mass-shell conditions are
Combining both equations gives . Contrary to the fermions, it should be the Feynman propagator and have the standard iǫ-prescription, i.e.
Let's first compute the diagram of Fig. 5 . Actually, we will compute the amputated diagram on shell as relevant for the S-matrix. It is given by
Putting the external momenta on shell, p + = p ′ + = q + = q ′ + = 0 for right-moving fermions, the amplitude (4.6) vanishes. It is clear from the structure of the graviton propagator that one always gets zero as long as it is coupled to two on-shell right-moving fermions. It then immediately follows that both diagrams of Fig. 6 also vanish on shell. 
Again, we only want to evaluate it on-shell where it reduces to 
Had we chosen the semi-circle in the upper half-plane, the result would have been the same, of course. Thus the one-loop result (on shell) is, up to the factor 2 γ , identical to the tree-level result, and hence vanishes for the same reason (p + = p ′ + = 0 on shell).
Let me stress that the vanishing of the scattering amplitude at one loop was in no way obvious a priori. One has to add both diagrams of Fig. 7 and use the on shell condition.
Then, it is only through the subtlety of the iǫ-prescription that one gets the factor (p + − p ′ + ) which makes the amplitude vanish on shell. It is very tempting to speculate that this sort of mechanism will persist at all orders in 1 γ .
Conclusions
We have seen that, in general, the coupling to gravity does modify the right-right → rightright correlation functions. However, the gravitational corrections to the on shell right-right → right-right scattering amplitude vanish at tree and one-loop level, i.e. up to and including order 1 γ 2 . We thus conjectured [1] that this might be true to all orders in Although one cannot exclude a non-perturbative contribution ∼ e −aγ to the S-matrix, this does not seem to be very likely.
So if the gravitational corrections to the right-right → right-right (pseudoparticle) S-matrix elements do indeed vanish, as they do for the left-left → left-left elements, the only corrections are to the left-right → left-right (pseudoparticle) S-matrix elements. But as already noted earlier, the latter nevertheless remain elastic, and one would conclude that the two pseudoparticle scattering S-matrix remains elastic in all chanels when the coupling to gravity is included. One could then go on and speculate that all S-matrix elements for multi-pseudoparticle scattering factorize, and hence reduce to products of two-pseudoparticle scattering S-matrices, which are all elastic. Thus the complete S-matrix for pseudoparticle scattering would be factorisable and elastic. Since the physical S-matrix for the scattering of the physical (massive) fermions is obtained from the pseudoparticle S-matrix, it probably would turn out to be elastic and factorisable, too. If this chain of hypothesis goes through, the chiral Gross-Neveu model would indeed remain integrable when coupled to gravity. However, there is still a long way to go.
